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Abstract. We study compatible contact structures of fibered, positively-twisted graph 
multilinks in S 3 and prove that the contact structure of such a multilink is tight if and 
only if the orientations of its link components are all consistent with or all opposite to the 
orientation of the fibers of the Seifert fibrations of that graph multilink. As a corollary, 
we show that the compatible contact structures of the Milnor fibrations of real analytic 
germs of the form (fg,0) are always overtwisted. 



1. Introduction 

A contact structure on a closed, oriented, smooth 3-manifold M is the kernel of a 
1-form a on M satisfying a A da 7^ everywhere. In this paper, we only consider 
positive contact forms i.e., contact forms a satisfying a A da > 0. The idea of contact 
structures compatible with fibered links in M was first introduced by W.P. Thurston and 
H. Winkelnkemper in [11] and developed by E. Giroux in [4]. In the previous work [7], 
the compatible contact structures of fibered Seifert multilinks in Seifert fibered homology 
3-spheres £(ai,a 2 ,--- , a&) were studied. Here a^s are the denominators of the Seifert 
invariants. Especially, we determined their tightness in case a\02 • • • > 0. The 3-sphere 
with positive Hopf fibration is a typical example of Seifert fibered homology 3-spheres 
satisfying this inequality. 

A graph multilink is obtained from Seifert multilinks by iterating a certain gluing opera- 
tion, called a splicing. We focus on fibered graph multilinks obtained as a splice of Seifert 
multilinks in homology 3-spheres with a\a2---ak > 0) which we call positively-twisted 
graph multilinks in homology 3-spheres. For convenience, we may assume that the de- 
nominators of the Seifert invariants of the Seifert fibered homology 3-spheres constituting 
the graph multilink are all positive. This is always possible as mentioned in [2, Proposi- 
tion 7.3]. In this setting, we say that the orientation of a graph multilink is canonical if 
the multiplicities of its link components are either all positive or all negative. 

In this paper, we determine the tightness of positively- twisted graph multilinks in S 3 . 

Theorem 1.1. The compatible contact structure of a fibered, positively-twisted graph mul- 
tilink in S 3 is tight if and only if its orientation is canonical. 

A typical example of positively-twisted graph multilinks in S 3 is an oriented link ob- 
tained from a trivial knot in S 3 by iterating "positive" cablings. Here a "positive" cabling 



This work is supported by MEXT, Grant-in- Aid for Young Scientists (B) (No. 22740032). 



2 



MASAHARU ISHIKAWA 



means that the cabling coefficients are positive with respect to the framing of the Seifert 
surface of the link component for the cabling. 

The situation in Theorem 1.1 occurs when we consider the Milnor fibration of a real 
analytic germ of the form (fg, O), where /, g : (C 2 , O) — > (C, 0) are holomorphic germs at 
the origin O G C 2 and g represents the complex conjugation of g. In [9, 10], it is proved 
that 

§:4\{/ 9 = 0>^ 

is a locally trivial fibration in most cases, called the Milnor fibration of (fg,0), where S £ 
is the 3-sphere centered at O G C 2 with sufficiently small radius e > 0. The next result 
answers a question of A. Pichon asked in her talk in Luminy, May, 2006 (cf. [6]). 

Corollary 1.2. Suppose that -Mr : S £ \ {fg = 0} — > S 1 is a locally trivial fibration. Then 
its compatible contact structure is overtwisted. 

This paper is organized as follows. In Section 2, we fix the notations of Seifert fibered 
homology 3-spheres, Seifert multilinks, and graph multilinks, following the book [2]. The 
notion of their compatible contact structures is also introduced in this section. The next 
two sections are devoted to preparations for the proof of Theorem 1.1. In Section 3, we 
give a compatible contact structure of a fibered, positively-twisted graph multilink in a 
special case. We then give another compatible contact structure in Section 4 based on 
the Thurston- Winkelnkemper's construction in [11]. These compatible contact structures 
will be used to prove Theorem 1.1 in Section 5. Corollary 1.2 will also be proved in this 
section. 



2. Preliminaries 

In the following, intX and dX represent the interior and the boundary of a topological 
space X respectively. 

2.1. Notation of Seifert fibered homology 3-spheres. We follow the notation used 
in [7], which originally appears in [2]. 

Let S = S 2 \ int(Z) 2 U • • • U Z} 2 ) be a 2-sphere with k holes and make an oriented, closed, 
smooth 3- manifold S from S x S* 1 by gluing solid tori (D 2 x S 1 )i, ■ ■ • , (D 2 x S 1 )k along 
the boundary d(S x S* 1 ) in such a way that OiQi + biH is null- homologous in (D 2 x S* 1 )^ 
where 

Qi = (-dS scc ) n (D 2 x S% 

H = typical oriented fiber of ir in d(D 2 x S 4 )^ 

with iS sec a section of n : S x S* 1 — > S and (a^fej) G Z 2 \ {(0,0)} are chosen such 

that Yli=i ^i a i ' ' ' a i-i a i+i ' ' ' a k = 1- The obtained 3- manifold does not depend on the 
ambiguity of the choice of frj's, so we may denote it simply as E = S(ai, • • • , a*,). The 
core curve Si of each solid torus (D 2 x S x )i is a fiber of the Seifert fibration after the 
gluings. We assign to Si an orientation in such a way that the linking number of Si and 
diQi + hH equals 1. This orientation is called the working orientation. 
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Let (rrij, U) be the preferred meridian- longitude pair of the link complement £\Si chosen 
such that the orientation of the longitude U agrees with the working orientation of Si. In 
this setting, (rrij, lj) and (Qi, H) are related by the following equations, see [2, Lemma 7.5]: 

< 2 i > ft) - (-; 8 © - d ft) - ft ft) ■ 

where <7j = a± - - • • • • a k and <5j = ^' a i ••• a? Qfc- Note that they satisfy 

+ fejfjj = 1. 

Set A = ai • • - afe. Under the assumption A ^ 0, the orientations of the fibers of the 
Seifert fibration in S x S* 1 — > S are canonically extended to the fibers in (D 2 x S' 1 )j for 
each i — 1, • • • , fc, which we call the orientation of the Seifert fibration. 

2.2. Seifert multilinks in E(ai, • • • , a^). A Seifert link L is a link in E(cii, • • • , a&) 
consisting of a finite number of fibers of the Seifert fibration. We may choose the core 
curves Si,- - • ,S k of the solid tori (D 2 x S 1 ) i such that Si U S 2 U • • • U S n is the Seifert 
link L for some n < k. A Seifert multilink is a Seifert link each of whose link compo- 
nents is equipped with a non-zero integer, called the multiplicity. We denote the set of 
multiplicities as m = (mi, • • • , m n ) and the Seifert multilink as 

(E, L(m)) = (E(ai, • • • , a k ),miSi U • • • U m n S n ). 

We may denote it simply as L(m). 

Each link component of L(m) is canonically oriented according to its multiplicity, i.e., 
the orientation is defined to be consistent with the working orientation if mj > and 
opposite to it if < 0. In this paper, we allow to be for convenience, which means 
that Si is not a component of L(m). We may call such an Si also a link component of 
L(m) though it is an empty component. 

Definition 2.1. A Seifert multilink (E,L(m)) is called positively-twisted (or PT for short) 
if A — ai - - - a*; > 0. 

Remark 2.2. The notion of positivity is usually used for oriented links, as positive braids 
and positive links. We here say that "a Seifert multilink is positively-twisted" because 
this is a notion for (multi-)links without specific orientation. 

Definition 2.3. Suppose A ^ and fix an orientation of the Seifert fibration. We say 
that a link component niiSi of a Seifert multilink L(m) with m« ^ is positive (resp. 
negative) if its orientation is consistent with (resp. opposite to) the orientation of the 
Seifert fibration. 

2.3. Splicing and graph multilinks. Let (Ei,Li) and ("£2^2) be links in homology 
3-spheres Ei and E 2 respectively. Choose a link component Si of L x and also S 2 of L 2 . 
For each i = 1,2, let N(Si) be a compact tubular neighborhood of Si and (trij, U) be 
a preferred meridian- longitude pair of E« \ 'mtN(Si). Remark that the longitude U is 
chosen such that it is null- homologous in the exterior Ej \ 'mtN(Si). We then glue the 
two exteriors Ei \ int N(Si) and E 2 \ intiV^) in such a way that (mi, li) are identified 
with ((2,1*12) along the boundaries. The link (Li \ S^) U (L 2 \ S2) in the glued manifold 
is called the splice of Li and L 2 along Si and S2. Note that the glued manifold again 
becomes a homology 3-sphere. 

Let T be a connected, simply-connected finite graph with the following decorations: 
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• Each terminal vertex is either a boundary vertex or an arrowhead vertex. Here the 
former is a usual vertex and the latter means the arrowhead of an edge — > of arrow 
shape. 

• Each non-terminal vertex has sign + or — . We call such a vertex an inner vertex 
and an edge connecting two inner vertices an inner edge. 

• For each inner vertex, integers a\, ■ ■ • , a& representing a Seifert fibered homology 3- 
sphere £(ai, • • • , a>k) are assigned to the roots of the edges connected to that vertex. 

• A non-zero integer m 8 is assigned to each arrowhead vertex. 

Such a diagram is called a splice diagram. In this paper, we only consider splice diagrams 
whose inner vertices have only + signs. So, we do not need to mind these signs. 

We define a multilink from a given splice diagram V as follows. First we prepare a 
Seifert link (£(ai, • • • , a^), Si U • • • U S n ) for each inner vertex with integers ai, • • • , 
at the roots of the adjacent edges. If two inner vertices are connected by an edge, then 
we apply a splicing to the corresponding Seifert links. Applying splicings for all inner 
edges successively, we obtain a new link L in a homology 3-sphere E. We then define the 
multiplicity of each link component of L to be the integer assigned to the corresponding 
arrowhead vertex. Note that the working orientations of the link components of L are 
defined to be those of the Seifert fibered homology 3-spheres. The multilink obtained 
from T is called a graph multilink and denoted as L(T). 

Now we consider the inverse operation of splicing. Namely, decompose £ along a torus 
T and then fill the two boundary components by solid tori N(Si) and NiyS?) with new 
link components Si and S 2 being the core curves of N(Si) and N(S 2 ) respectively, so 
that we obtain two new graph links (£i,Li) and (£ 2 ,L 2 ). The restriction of the Seifert 
surface of L(T) to £j \int N(Si) is canonically extended into N(Si). If the Seifert surface 
in N(Si) is a disjoint union of meridional disks, then we define the multiplicity of Si to be 
0. Otherwise, it is defined to be the number of local leaves of the Seifert surface along Si, 
with sign — if the orientation of Si as the boundary of the Seifert surface of Lj is opposite 
to its working orientation. The multiplicities of the other link components of Li and L 2 
are defined to be those of L(T). We denote the obtained multilinks as (£j,L(Fj)), where 
Ti and T 2 are the corresponding splice diagrams, and their splice as 

(E,L(r))= [(Ex, ^0)^-^(22,^)) 

Applying such a decomposition successively, we can represent (E,L(r)) as a splice of 
several Seifert multilinks in homology 3-spheres each of which corresponds to an inner 
vertex of T. In other words, there exists a set of disjoint tori 7\, • • • ,T T corresponding 
to the inner edges of Y such that each connected component of E \ Wj =1 Tj is a part of a 
Seifert fibered homology 3-sphere. We call these connected components the Seifert pieces 
of(E,L(r)). 

In this paper, we only consider the following special class of graph multilinks. 

Definition 2.4. A graph multilink is called positively-twisted (or PT for short) if it is 
obtained as a splice of only PT Seifert multilinks in homology 3-spheres. 

To simplify the argument, we hereafter assume that the denominators of the Seifert 
invariants of the Seifert fibered homology 3-spheres before the splicing are all positive. 
We can always assume this by [2, Proposition 7.3]. Note that, under this assumption, 
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the orientation of the Seifert fibration coincides with the working orientations of the link 
components for each Seifert multilink before the splicing. 

In [2, Theorem 8.1], six operations to produce equivalent splice diagrams are introduced 
and a splice diagram is called minimal if there is no equivalent splice diagram with fewer 
edges. In this paper, we will only deal with splice diagrams of fibered PT graph multilinks 
whose inner vertices have sign + and each of whose Seifert fibered homology 3-spheres 
before the splicing has the Seifert invariants with positive denominators. In this setting, 
two splice diagrams are equivalent if they are connected by the following two operations 
and their inverses: 

3) Let v be an inner vertex. If an edge connected to v is assigned the integer 1 at the 
root and has a boundary vertex at the other endpoint then remove the edge and the 
boundary vertex. Furthermore, if the number of remaining edges connected to v is 
2 then remove the inner vertex v and connect the two edges so that they become a 
single edge. 

6) Let v and v' be inner vertices connected by an inner edge. Let and 
Og,^,--- , a' s be the denominators of the Seifert invariants assigned to v and v' 
respectively such that ao and a' are assigned to the inner edge connecting them. If 
a a' = ai • ■ ■ a r a[ ■ ■ • a' s is satisfied then replace the vertices v\ and v 2 and the edge 
connecting them by a single inner vertex. 

The numbers 3) and 6) correspond to those in [2, Theorem 8.1]. We say that a minimal 
splice diagram is of type -H- if it consists of one edge with arrowhead vertices at both 
endpoints. This will be an exceptional case as in [2, Theorem 11.2]. 

2.4. Fibered graph multilinks and contact structures. We first briefly recall the 
terminologies in 3-dimensional contact topology. See [3, 8] for general references. 

A contact structure on M is the 2-plane field given by the kernel of a 1-form a satisfying 
a A da ^ everywhere on M. In this paper, we always assume that a contact structure 
is positive, i.e., it is given as the kernel of a 1-form a satisfying a A da > 0, called 
a positive contact form on M. A vector field R a on M determined by the conditions 
da(R a , •) = and a(R a ) = 1 is called the Reeb vector field of a. The 3-manifold M 
equipped with a contact structure £ is called a contact manifold and denoted by (M, £). 
Two contact manifolds (Mi, £i) and (M 2 , £2) are said to be contactomorphic if there exists 
a diffeomorphism tp : Mi — > M 2 such that dip : TM 1 — > TM 2 satisfies d(p(£i) = £2- A disk 
D in (M, £) is called overtwisted if D is tangent to £ at each point on dD. If (M, £) has 
an overtwisted disk then we say that £ is overtwisted and otherwise that £ is tight. 

A graph multilink L(T) is called fibered if there is a fibration E \ L(T) — > S 1 such that 

• the intersection of the fiber surface and a small tubular neighborhood N(S{) of each 
link component Si of L(m) consists of \rrii\ > leaves meeting along Si if ^ 0, 
and 

• the working orientation of Si is consistent with (resp. opposite to) the orientation 
as the boundary of the fiber surface if m; > (resp. mi < 0). 

A fibered graph multilink L(T) in X is said to be compatible with a contact structure 
£ on S if there exists a contact form a on S whose kernel is contactomorphic to £ and 
which satisfies that L(T) is positively transverse to kera and da is a volume form on the 
interiors of the fiber surfaces of L(T); in other words, the Reeb vector field R a of a is 
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tangent to L(m) in the same direction and positively transverse to the interiors of the 
fiber surfaces of L(m), see [7, Lemma 3.2]. 

We remark that multilinks, fibered multilinks, and their compatible contact struc- 
tures are defined for any closed, oriented, smooth 3-manifolds, though we need to assign 
some working orientations to the link components at the beginning, see [7]. The same 
notion appears in [1], in which the fibration of a fibered multilink is called a rational 
open book decomposition of that 3-manifold. It is known that any fibered multilink in a 
closed, oriented, smooth 3-manifold admits a compatible contact structure and two con- 
tact structures compatible with the same fibered multilink are contactomorphic, see [7, 
Proposition 3.3 and 3.4] or [1, Theorem 1.7]. 

We close this section with introducing a way of describing a contact structure on D 2 x S 1 , 
which we used in [7]. Let 7 be a curve on an xy-plane with parameter r e [0, 1] which 
moves around (0,0) in clockwise orientation. For each point 7(7") = (x(r),y(r)) we set 
(— hi(r), h 2 {r)) = (x(r),y(r)) and define a 1-form on D 2 x S* 1 as a = h 2 (r)dfi + hi(r)d\, 
where (r, //, A) are coordinates of D 2 x S* 1 with polar coordinates (r, //) of D 2 , and hi 
and h 2 are real-valued smooth functions with parameter r. Since the curve 7 rotates 
in clockwise orientation it satisfies the inequality hih' 2 — h 2 h[ > 0, and this implies the 
inequality a A da > except for the points at r = 0. Near r = 0, we may assume that 
either (—hi,h 2 ) = (— c, r 2 ) or (—hi,h 2 ) = (c, — r 2 ) for some positive real number c, so 
that a becomes a positive contact form on the whole D 2 x S 1 . See the right figure in 
Figure 1. 



Figure 1. How to read ker a and R a from the curve 7(7-) = (—hi(r), h 2 (r)). 

Let T{r) be a torus parallel to dD 2 x S* 1 of radius r > 0. Since the positive normal 
vector to the contact structure ker a is (h 2 (r), hi(r)) on T(r), the line on the xy-pl&ne 
connecting (0,0) and (—hi(r),h 2 (r)) represents the slope of ker a at (r,/i,X). Moreover, 
since the Reeb vector field of a is given as 



A 



r 2 n 
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the speed vector 7'(r) = {—h'^r), h' 2 (r)) is parallel to R a on T(r) in the same direction. 
If the curve 7 reaches the positive x-axis on the xy-plane, say at r = r$, then the contact 
structure kerct has an overtwisted disk {(r, /i, \) e D 2 x S 1 \ \ = constant, r < r 3 }. This 
is a typical example of overtwisted contact structures, called a half Lutz twist. 

3. Compatible contact structures in a special case 

Let T be a minimal splice diagram not of type -H-. If a graph multilink (£,L(T)) is 
fibered then the interiors of the fiber surfaces of L(T) intersect the fibers of the Seifert fi- 
bration in each Seifert piece transversely, see [2, Theorem 11.2] and the proof therein. Note 
that the orientations of the fibers of the Seifert fibrations are determine by formula (2.1). 

Definition 3.1. For a minimal splice diagram T not of type <->■, we define f to be the 
diagram obtained from T by applying the following modifications: 

(1) Replace each inner vertex of T by © (resp. 0) if the fibers of the Seifert fibration 
in the corresponding Seifert piece is positively (resp. negatively) transverse to the 
fiber surface of L(T). 

(2) For each inner vertex v, assign + (resp. — ) to the root of each edge connected to v if 
the multiplicity of the corresponding link component of the Seifert multilink is posi- 
tive or zero (resp. negative). In particular, we assign + to each edge with boundary 
vertex at the other endpoint since it is regarded as an empty link component having 
multiplicity 0. 

Recall that we assumed that the denominators of the Seifert invariants of the Seifert 
fibered homology 3-spheres before the splicing are all positive. 

Proposition 3.2. Let (£, L(r)) be a fibered PT graph multilink of a minimal splice di- 
agram T not of type f-K Suppose that F has only © vertices and that all inner edges 
have only + signs. If L(T) has a component with negative multiplicity then its compatible 
contact structure is overtwisted. 

We prove this assertion by showing the overtwisted contact structure explicitly accord- 
ing to the construction of a graph multilink in Section 2. Let Cj denote the boundary 
component (—dS) fl Df of S. The next lemma is a refinement of [7, Lemma 4.4], where 
we added the conditions (4) and (5) for our purpose. 

Lemma 3.3. Suppose A > and n > 2. For i — 1, • • • , n, let Ui be a collar neighborhood 
of Ci in S with coordinates (rj,0j) e [1,2) x S* 1 satisfying {(r^,^) | r\ = 1} = Cj. Then, 
for a sufficiently small e' > 0, there exists a 1-form j3 on S which satisfies the following 
properties: 

(1) d(3 > on S. 

(2) Ifi>2 and ^ < then (5 = RifidQi with < R { near C { on C/j. 

(3) Ifi > 2 and & > then (3 = ^d9i with < ifc < near Q on fy. 

(4) U^<0 then (3 = R^dO^ with R 1 = -j£ + \ - e' > near d on U x . 

(5) // j£ > then (3 = ^d6 l with R 1 = + \ - e' < near d on U x . 
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Proof. Since ^— ^ + + £^=2 ( — ^) = ^' we can cnoose " ' > Rk sucn that they 
satisfy the above conditions. The rest of the proof is same as that of [7, Lemma 4.4]. □ 

Lemma 3.4. Let (E, L(m)) = (E(ai, • • • , a^), mi<Si U • • • U m n S n ) be a fibered PT Seifert 
multilink in a homology 3-sphere E. Suppose that the fibers of the Seifert fibration intersect 
the interiors of the fiber surfaces of L{m) positively transversely. For a sufficiently small 
positive real number e given, there exists a positive contact form a on E with the following 
properties: 

(1) L(m) is compatible with the contact structure kera. 

(2) The Reeb vector field R a of a is tangent to the fibers of the Seifert fibration onSxS 1 . 

(3) On a neighborhood of d[D 2 x S^i, a is given as a = ^1,2(^1)^1 + foi,i(ri)dAi with 
/ii,i(l)//ii,2(l) = £ and ^1,2(1) > 0. 

(4) On a neighborhood of d(D 2 x S 1 )^ for i — 2, • • • , n, a — h^ir^dfXi + h^r^dXi with 

Mi) > 0. 

Here (rj,//j, Aj) are coordinates of (D 2 x S" 1 ), chosen such that (rj,/ij) are t/ie po/ar coor- 
dinates 0/ .D 2 0/ radius 1 and te,e orientation of Aj agrees with the working orientation of 
Si, and hi t i and h^i are real-valued smooth functions with parameter r\. 

Proof. Let Bi = [1, 2)x5 1 x S* 1 be a neighborhood of d(D 2 x S 1 ) i in 5x S* 1 with coordinates 
(ri,0i,t). The solid torus (D 2 x S 1 )^ is glued to Bi as 

/ijtTij + XiU = (aifii - (Ji\i)Qi + {hfii + 5i\i)H, 

where (ttVj, U) is the standard meridian-longitude pair on d(D 2 x S" 1 ),, Qi is the oriented 
curve given by {1} x S 1 x {a point} C dBi, id is a typical fiber of the projection [1, 2) x 
S 1 x S* 1 — > [2, 1) x S* 1 which omits the third entry, and Oj, bi, o~i, Si G Z are given according 
to relations (2.1). As in the proof of [7, Proposition 4.1], the contact form on 5 x S 1 is set 
as a = (5 + dt, where (5 is a 1-form chosen in Lemma 3.3. The Reeb vector field R ao = 
satisfies the condition (1) in the assertion on 5 x S 1 . 

For the gluing map y?j of (D 2 x S v )i to Bi, (f*a is given as 

ip*a = Ririd(aifii - a^) + + ^Aj) = (6, + a^r^d/i, + (Si - GiR^dXi 

— + Rin) d/ii + — ( 1 - ajO-j f — + i^r, J J dAj. 
a, / a^ V V a * // 

Hence the inequality ^,2(1) > holds for i — 1, • • • , k. Moreover, since R\ is chosen as 
Ri = — — + -j — e' in Lemma 3.3, we have 



^1,2(1) = ai 
and hence 
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> 0. 



Since lim e /^ ^1,1 (1) / ^1,2(1) = 0, we can choose e' > such that /ii 5 i(l)//ii )2 (l) = £. 
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We finally extend the contact form q on 5 x S 1 into each (D 2 x S 1 )i. If > then 
we describe a curve 7i(rj) = (— /^(rj)) on the xy-plane representing a positive 
contact form on (D 2 x 5' 1 )j in such a way that 

• (—hi } i, fi2,i) = (—Ci,r 2 ) near = with some constant q > 0, 

• hi^dni + hi^dXi = f*a near = 1, and 

• 7j'(rj) rotates monotonously 

The Reeb vector field of this contact form is positively transverse to the interiors of the 
fiber surfaces of L(m) on (D 2 x S x )i as shown in Figure 2. The same observation works 
even in the case where m; = 0. 




Figure 2. The compatibility in (D 2 x S 1 )^ with m, > 0. 



If rrii < then we describe a curve on the xy-plane representing a positive contact form 
on (D 2 x S' 1 )j in such a way that 

• (— hi t i, h,2,i) = (q, — rf) near = with some constant q > 0, 

• hi^djii + hi^dXi = ip*a near rj = 1, and 

• 7j'(Vj) rotates monotonously. 

In this case, we also have the positive transversality as shown in Figure 3. This completes 
the proof. □ 



Lemma 3.5. Let (S,L(r)) be a fibered PT graph multilink of a minimal splice diagram 
T not of type -H-. Suppose that T has only © vertices and that all inner edges have only 
+ signs. Then there exists a positive contact form a on S with the following properties: 

(1) L(T) is compatible with the contact structure kera. 

(2) Each component mi Si of L(T) with negative multiplicity has a tubular neighborhood 
which contains a half Lutz twist. In particular, it contains an overtwisted disk. 

Proof. Let Li(mi)> • • • , Lf/(m P ) denote the fibered Seifert multilinks before the splicing 
of L(T). Suppose that L(T) is obtained from L\(m^) by splicing L 2 (m),--- , Lpi(m ( ,) 
successively. The assertion for L 1 (m 1 ) had been proved in [7, Proposition 4.1]. Assume 
that the assertion holds for the fibered PT graph multilink L{Yn_i)) obtained from 
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Figure 3. The compatibility in (D 2 x S x )i with < 0. 



Li(m 1 ) by splicing L2(m 2 ), 44 ' ,^-i(zZl^-i) successively, where 2 < £ < £', and then 
consider the next splice 

(E e ,L(T £ )) = [(Z e „ 1 ,L(T £ _ 1 )) lr ^(Z\L e (m e )) 

where £' is the Seifert fibered homology 3-sphere containing Lf(m ( ). 

Let &e be a contact form on £' obtained according to Lemma 3.4, where (D 2 x S^i in the 
lemma corresponds to the neighborhood N(Si^) of Se,i for the splicing. From the lemma, 
at has the form di = hi 2 (ri)dfii + h^^ir^dXi near dN(Se^) with ft,^i(l)//i^ 2 (l) > being 
sufficiently small and /^(l) > 0, where (r£,/i^,A^) are coordinates of N(Si^) = D 2 x S 1 
chosen such that (r^, fip) are the polar coordinates of D 2 of radius 1 and the orientation 
of Xi agrees with the working orientation of Sii. 

On the other hand, there is a contact form ae-i on £^_i satisfying the required proper- 
ties by the assumption of the induction. Set the neighborhood N(S) of S for the splicing 
to be the neighborhood specified in Lemma 3.4 in the inductive construction of L(T^_i). 
Then, on a small neighborhood of dN(S), c^_i has the form 

(3.1) a.t-\ = h2(r)dfi + hi{r)dX 

with h 2 {l) > 0, where (r, /i, A) are coordinates of N(S) = D 2 x S 1 chosen such that 
(r, fi) are the polar coordinates of D 2 of radius 1 and the orientation of A agrees with the 
working orientation of S. Set the gluing map of the splice as (r^,/i^, A^) = (2 — r, A,/i), 
then on a small neighborhood N(T) of the torus T = dN(Sg^) = dN(S) for the splicing 
we have 

(3.2) d e = he A (2 - r)dfi + he, 2 (2 - r)dX. 

Now we plot the two points corresponding to the contact forms (3.1) and (3.2) on 
the xy-plane and describe a curve connecting them to obtain a contact form on N(T) 
gluing ct£-i and di smoothly. The Reeb vector fields of ae-i and de were chosen such 
that they are positively transverse to the fiber surfaces of £(r^) in N(T). Recall that 
/i 2 (l) > 0,^2(1) > and that ft^i(l) / '^,2(1) > can be sufficiently small. Since d^\ at 
r = 1 corresponds to the point (— h^ 2 (l), he i(l)) on the xy-plane representing a contact 
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form on N(S), by choosing h^\{l) / h^^i^) > sufficiently small and multiplying a positive 
constant to cti if necessary, we can describe a curve 7(7*) on that xw-plane which defines a 
positive contact form a^(T) on N(T) connecting a^_i and ag smoothly and whose speed 
vector 7'(r) rotates monotonously, see Figure 4. Set the slope of the fiber surface of L(T e ) 
to be constant in N(T), then the monotonous rotation of j'(r) ensures that ker o:n(t) is 
compatible with L(Ti) on N(T). We then glue cti-\ and &£ by «tv(t) and obtain a contact 
form at on E^. Since the Reeb vector field of satisfies the compatibility condition 
outside N(T), kero^ is compatible with L(Te) on the whole E^. 




FIGURE 4. Connect the contact forms 6^_i and at smoothly. 

By induction, we obtain a contact form a whose kernel is compatible with L(Y) and 
which satisfies the inequality ^2(1) > for each link component of L(T). If the link 
component is negative then the starting point of the curve on the xy-plane becomes the 
point (c, 0) with a positive constant c. Therefore, the inequality ^2(1) > ensures that 
ker a has a half Lutz twist in the neighborhood of that negative component. □ 

Proof of Proposition 3.2. The assertion follows from Lemma 3.5. □ 

4. Compatible contact structures via the Thurston- Winkelnkemper's 

construction 

In the proof of Theorem 1.1, we will compare two compatible contact structures; one is 
constructed in the previous section and the other is obtained by applying the Thurston- 
Winkelnkemper's construction to the fibration of the fibered multilink such that the con- 
tact form is "standard" on the tori for the splicings, which we will show in this section. 

We prepare one lemma before showing the construction. 

Lemma 4.1. Let L(m) be a fibered PT Seifert multilink in a homology 3-sphere E with 
link components m\Si, • • • , m n S n with n > 2 and mi 7^ ; and let Ci, • • • , c n be positive 
real numbers satisfying the inequality —c\ + X^=2 Q > 0. Then there exists a contact form 
a on E satisfying the following properties: 
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(1) L(m) is compatible with the contact structure kera. 

(2) On a neighborhood of d(D 2 x S^i, a has the form 

a = RU^Hi + (-c 1 r 1 + RVJ dX x 

with U 1 > 0. 

(3) On a neighborhood of d(D 2 x S 1 )^ for i — 2, • • • , n, a has the form 

a = RUid/Ji + ( — + RVi ) d\ 

Vi J 

with Ui > 0. 

Here R is a sufficiently large real number, (rj,/ij, A«) are coordinates of (D 2 x S 1 )i chosen 
such that (ri, [j,^ are the polar coordinates of D 2 of radius 1 and the orientation of \ 
agrees with that of rriiSi, and {Ui, Vi) is a vector positively normal to the fiber surface on 
d(D 2 x S' 1 )j with coordinates (/z^Aj). 

Proof. We denote by F t the fiber surface of L(m) over i G S 1 = [0, l]/0 ~ 1 and choose a 
diffeomorphism <p t : F — > F t of the fibration of L(m) in such a way that 

4>t{ri, fii, Xi) = (n, ^ + t~~~\i Xi 
V \ m i\ 

on each (D 2 x S 1 ) i . Let 9i be the coordinate function on the curve (— F ) fl d(D 2 x S v )i 
given as ^ = — Aj. Set F = F fl (S x S 1 ) and let O be a volume form on F which 
satisfies 

• Sf Q = ~ c i + Er= 2 c i > °> 

• Q = c x dr\ A d9i near F n d(D 2 x S^i, and 

• Q = ^dr, t A d9i near F n <9(L> 2 x S' 1 )^ for « = 2, • • • , n. 

Then, as in [11], we can find a 1-form f3 on F such that 

• is a volume form on F , 

• (3 = c\r\dQ\ = —c\ridX\ near Fq fl d(D 2 x S^i, and 

• p = -fdOi = fdXi near F n <9(L> 2 x S 1 ); for i = 2, • • • , n. 

The manifold M is constructed from Fq x [0, 1] by identifying (x, 1) ~ (<pi(x), 0) for each 
x <E F and then filling the boundary components by the solid tori (D 2 x S 1 )^. Using 
this construction, we define a 1-form a on S x S* 1 as 

a = (1 -t)p + t(ft(p) + Rdt, 

where R > 0. Near the boundary component d(D 2 x S" 1 )^ this 1-form is given as 



a = (3 + Rdt 



—c\ridXi + R{U\dHi + V\dXi) 

^dXi + RiUidHi + VidXi) for i — 2, • • • , n. 



We choose R sufficiently large such that «o becomes a positive contact form on 5 x S 1 . 
Since Aj is oriented in the same direction as the oriented link component rriiSi, we always 
have Ui > for i — 1, • • • , n, see Figure 5. Hence the conditions (2) and (3) are satisfied. 
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t rriiSi 



t rriiSi 






(D 2 x S 1 ), 




(D 2 x S 1 ^ 



(U h Vi) 



Figure 5. The positive normal vector of the fiber surface along d(D 2 x S l )i. 

Finally we extend the contact form «o into each (D 2 x S 1 )i. The contact form ao at 
Ti — 1 corresponds to the point {—RV\ + ci, RUi) and (— RVi — Ci, RUi) for % — 2, • • • , n 
and its Reeb vector field corresponds to the vector (q,0), for i — 1, • •- ,n, on the xy- 
plane used to represent the contact form on (L> 2 x S 1 )^ Since C/j > 0, q > and R is 
sufficiently large, we can describe a curve on the xy-plane as we did in the end of the 
proof of Lemma 3.4, which gives a contact form a on E. On S x S 1 , since the Reeb vector 
field R a of a is given as 4J^, it is positively transverse to the fiber surfaces of L(m). This 
property is also satisfied on each (D 2 x S 1 )i since R a and the fiber surface of L(m) are 
set as shown in Figure 2. Thus kera is compatible with L(m) on the whole E. □ 

Proposition 4.2. Let (E,L(T)) be a fibered PT graph multilink in a homology 3-sphere 
E. There exists a contact form a with the following properties: 

(1) £(r) is compatible with the contact structure kerct. 



be a splice of (E,L(r)). On the neighborhood N(Si) of Si for the splicing, a has 
the form a = /i2(V)<i/x + h\(r)d\, where (r, /i, A) are coordinates of N(Si) = D 2 x S 1 
chosen such that (r, /x) are the polar coordinates of D 2 of radius 1 and the orientation 
of X agrees with that ofmiSi ij 'mi ^ and is positively transverse to the meridional 
disk if mi = 0, and hi and h 2 are real-valued smooth functions with parameter 
r G [0, 1] such that the argument of —hi(r) + y/—lh 2 (r) varies in (0,7r]. 

Proof. Let -^i(mi), • ■ • , Ln (rn ( ,) denote the fibered Seifert multilinks before the splicing 
of L(T). Suppose that L(T) is obtained from Li{m_i) by splicing -^2(^2)5''' 1 L/f(m ( i) 
successively and, for i — 2, • • • ,£', let Si^i denote the link component of Li^m^ for this 
inductive splicings. 

We prove the assertion by induction. The assertion holds for L 1 (m 1 ) as proved in 
Lemma 4.1. Suppose that the assertion holds for a fibered PT graph multilink (E^_x, L(ry_i)) 
obtained from L\{m^) by splicing L 2 {rn 2 )-, • • • , L f _^ (m f _ 1 ) successively, where 2 < £ < £', 



(2) Let 



(S,^(T)) 



(Si,L(rO) 



Si s 2 



(s 2 ,L(r 2 )) 
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and consider the next splice 



(E,_ 1 ,L(r,_ 1 )) 



(S',L,(m,)) 



Let ae-i denote the contact form on E^_i satisfying the required properties in the asser- 
tion, and m and m^i denote the multiplicities of S and SV,i respectively. 

We first deal with the case where m^O and ^ 0. Let &e be the contact form on £' 
whose kernel is compatible with Lp(m ( ), obtained by applying Lemma 4.1 such that the 
specified component S\ in the lemma corresponds to the link component S^i of Lf{m e ). 
Set the neighborhood N(S^i) of Sp tl for the splicing to be (D 2 x S^i in the lemma and 
fix coordinates (r^i, /i^i, A^i) of N(S£ > i) = D 2 x S 1 such that (r^i,/^) are the polar 
coordinates of D 2 of radius 1 and the orientation of A^i agrees with that of m^\S^\. On 
N(Se t i), the contact form on is given as 



with Ue t i > 0, where (C/^i, V^i) is a vector positively normal to the fiber surface of Lf (m ( ) 
on dN(Se t i) with coordinates (/^,i,A^i) and c^i is some positive constant. 

Similarly, set the neighborhood iV(S') of 5 for the splicing to be the one specified 
in Lemma 4.1 in the inductive construction of L(r^_i) and fix coordinates (r, /i, A) of 
iV(S') = D 2 x S 1 such that (r, //) are the polar coordinates of D 2 of radius 1 and the 
orientation of A agrees with that of mS. On a neighborhood of dN(S), the contact form 
ag-i is given as 



with U > 0, where ([/, V) is a vector positively normal to the fiber surface of L(Fi) on 
dN(S) with coordinates (//, A) and c is some positive constant. The gluing map of the 
splice can be written as (r, /i, A) = (2 — r^i, ±A^i, ±//^i), where the sign ± depends on 
if A^i and A are consistent with the working orientations or not, which will be clarified 
later. Let T denote the torus dN(Se,i) = dN(S) for the splicing and N(T) denote its 
small neighborhood. 

Consider the case V^i > 0. We assume that the orientation of A agrees with the working 
orientation of S^. The argument below works in the case where they are opposite, so we 
omit the proof in that case. In the case under consideration, since these orientations co- 
incide, we have the left figure in Figure 6. By observing the identification of the splicing, 
the orientation of the fiber surface is fixed as shown on the right, which implies that the 
orientation of A agrees with the working orientation of S. Hence the positive normal vec- 
tors (Ue : i, Vi y i) and (U, V) of the fiber surface are identified on T as (U, V) = K(Ve t i, C/^i) 
with some constant K > 0, see Figure 6. This means that the sign ± above is + and 
the gluing map is given as (r, /i, A) = (2 — r^i, A^i, (J,e,i)- Thus the contact form ae-i is 
written as 



We now choose R sufficiently large relative to Re such that the positive normal vector 
of kera:^! lies between that of kera^ and that of the fiber surface, see Figure 7. Note 
that the figure is described with the coordinates (r^i, A^i). By multiplying a positive 
constant to oie if necessary, we can describe a curve j(r) on the xy-plane which represents 



a E = R E Ue :1 dne :1 + (-c til r e ,i + ReV e ,i) d\ e ,i 
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a positive contact form a^^T) on N(T) connecting ct£_i and &£ smoothly. Moreover we 
can choose j(r) such that j'(r) rotates monotonously. Set the slope of the fiber surface of 
L(Tt) to be constant in N(T), then the monotonous rotation of 7'(r) ensures that a^^) 
is compatible with L{Tg). Figure 7 shows that the argument of —h\{r) + y/^lh 2 (r) varies 
in(0,7r]. 



glue them as 
(tn*,i, k,i) = (I,tn) 



iV(S£,i) 



/ 


A 














\ / 


m 





N(S) 



Figure 6. The positive normal vector of the fiber surface on T in case 
Ve,i > 0. Here (m^i, 1^%) and (m, Q are the preferred meridian-longitude 
pairs of £' \ int N(S^i) and \ int N(S) for the splicing respectively. 




Figure 7. Glue at-i and on iV(T) in case V^i > 0. 



We next consider the case Vg^ < 0. Assume again that the orientation of A^i agrees 
with the working orientation of S^i, and we omit the proof in the other case. In this 
case, the mutual positions of the fiber surface, A^i and A become as shown in Figure 8. 
In particular, the orientation of A is opposite to the working orientation of S. Let n 
be the vector positive normal to kera^_i, which is given as (U,V) with the coordinates 
(/i, A). This means that n is given as (— U, — V) with the coordinates corresponding to 
the preferred meridian-longitude pair (m, 1) of T>e-i \ int N(S) for the splicing. Hence, the 
positive normal vectors (U^V^i) and (U,V) of the fiber surface are identified on T as 
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A 





1 A41 



















glue them as 
(m^i, h t i) = (l,m) 



N(S t>1 ) 







c 








— > 

n 










/A 



JV(5) 



Figure 8. The positive normal vector of the fiber surface on T in case 
Vti < 0. 



h 2 



ae-i 




slope of the fiber surface 



Figure 9. Glue aig-i and ag on N(T) in case Vg t i < 0. 



(U, V) = —K(Vi t i, Ui t i) with some constant K > 0. Since the gluing map of the splicing 
is given as (r, //, A) = (2 — ro, — A^i, — we have 



2-rv 



Plot a^i above and &£ on the xj/-plane and obtain a contact form connecting ae-i and 
d^ on N(T) smoothly such that it satisfies the required conditions, see Figure 9. Note 
that the figure is described with the coordinates (r^i, /jl^i, A^i). The figure shows that 
the argument of —h\{r) + V — l/^M varies in (0,7r]. This completes the proof in case 
V^,i < 0. 

To finish the proof of the proposition, we need to prove the assertion in case m^i = 
and case m — 0. We prove the former case here and omit the latter since the proof is 
similar. We further assume that the orientation of A^i agrees with the working orientation 
of S^i and omit the proof of the other case. In the case under consideration, we can set 
(U^ijV^i) = (0,1) and (U, V) = (1,0). In particular, we have m > 0. Let ctg be a 
contact form on £' obtained by applying Lemma 4.1. The empty link component Si i has 
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a tubular neighborhood N(Si :1 ) with a contact form 

on = ce^rf^dfjit,! + d\e,i), 

where q ; i is a positive constant and the radius of N(Se j i), say e > 0, is sufficiently small. 
We choose the neighborhood N(S) of S for the splicing as before. Now we perform the 
splice for the above N(Si j i) and N(S). The gluing map is given as (r, //, A) = (1 + e — 
r £,i) A^i, /x^i) and hence the contact form is 

cte-i = — d^ie,i + Rd\e,i- 

1 + e- r e ,i 

We choose R sufficiently large such that the positive normal vector of ker c^_i lies between 
that of kerd^ and that of the fiber surface, see Figure 10. Then the two contact forms 
ae-i and an are connected smoothly by describing a curve on the xy-plane as before. The 
figure shows that the argument of —h\{f) + yj — \hi{f) varies in (0, ir]. □ 



h 2 




Figure 10. Glue ai-± and &i on N(T) in case m^i = 0. 



5. Proofs of Theorem 1.1 and Corollary 1.2 

Theorem 1.1 is included in the next assertion. 

Theorem 5.1. Let L(T) be a fibered PT graph multilink in S 3 . Then the following three 
statements are equivalent: 

(1) The compatible contact structure of L(T) is tight. 

(2) The compatible contact structure of each Seifert multilink before the splicing of L(T) 
is tight. 

(3) Suppose that the denominators of the Seifert invariants of each Seifert fibered ho- 
mology 3-sphere before the splicing of L(T) are all positive. Note that we can always 
choose such Seifert invariants by [2, Proposition 7.3]. In this setting, the multiplici- 
ties assigned to the link components of L(T) are either all positive or all negative. 

Proof. The implication (3) =>• (2) is proved as follows. If all the multiplicities of L(T) are 
negative then we change the orientation of L(T) by the involution in [2, Proposition 8.1] 
so that they are positive. The remaining multiplicities on each Seifert multilink before 



18 



MASAHARU ISHIKAWA 



the splicing are also positive by the formula in [2, Corollary 10.6]. Hence the compatible 
contact structure of each Seifert multilink is tight by [7, Theorem 1.1]. Note that this 
proof works not only for PT graph multilinks in S 3 but also for those multilinks in any 
homology 3-spheres. 

We will use the condition that the manifold is S 3 essentially in the rest of the proof. It 
is known in [2, Theorem 9.2] that a graph link in S 3 is obtained from a trivial knot in S 3 
by using cabling and summing operations and the proof still works for graph multilinks 
in S 3 . Since we are considering only PT graph multilinks, we can think that a PT graph 
multilink L(T) is obtained from a Seifert multilink in S* 3 by iterating a splicing of a Seifert 
multilink in S* 3 along a link component ambient isotopic to the trivial knot in S* 3 . 

Let L^fflj) denote the initial Seifert multilink in S* 3 and suppose that L(T) is ob- 
tained from L^mj) by splicing Seifert multilinks L2{m 3 ),--- , Lf/(m (l ) successively. Let 
(S^-i, L(rVi)) denote the fibered PT graph multilink obtained from L^m-J by splicing 
L 2 (m 2 ), • • • , Li_i (m t _^) successively, where 2 < t < £'. 

We prove the implication (2) =>■ (1) by induction. Without loss of generality, we assume 
by [2, Proposition 7.3] that the denominators of the Seifert invariants of each Seifert 
fibered homology 3-sphere before the splicing are all positive. The assertion is obvious for 
(Ei,L(ri)). Assume that the assertion holds for % — 1, ■■■,£ — 1 and consider the next 
splice 



(5.1) 



(s £ ,L(r £ ))= Lfrvx))- 



St:. 



[T l ',L e (m e 



We prepare a contact form whose kernel is compatible with Lf{m e ) as follows. The 
ambient space S* 3 of L e (m e ) is decomposed into two solid tori S' 3 \int N(Se,i) and N(Se,i), 
where iV(S^i) is the neighborhood of the link component S^i of Lf (m ( ) for the splicing. 
Let (mi, (i) and (rti2, h) denote the preferred meridian-longitude pairs of these solid tori 
respectively. Note that they are glued in such a way that (mi, h) = (l2,m2). The curves 
in Figure 11 represent a contact form on on S* 3 whose Reeb vector field is tangent to 
the fibers of the Seifert fibration of Lf(m ( ) except for small tubular neighborhoods of its 
two singular fibers. Note that the curve on the left figure represents the contact form on 
S* 3 \ int N(Se,i) and the one on the right represents that on N(Se t i). 



ho 



ho 




-hi 



glue them as (mi, b) = (t2,m 2 ) 




-h x 



Figure 11. A contact form on S* 3 whose Reeb vector field is tangent to 
the fibers of the Seifert fibration of L(m) except small neighborhoods of the 
two singular fibers. 
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On the other hand, by the assumption of the induction, there exists a contact form 
ae-i whose kernel is compatible with L(I"V_i). We choose a neighborhood N(S) of the 
link component S of L(r^_i) for the splicing such that a^_i is given on N(S) as c^_i = 
c(r 2 dfx + dX), where c is a positive constant, (r, fx, A) are coordinates of N(S) = D 2 x S 1 
chosen such that (r, ji) are the polar coordinates of D 2 with sufficiently small radius and 
the orientation of A is consistent with that of mS. Note that this agrees with the working 
orientation of S because m > by [7, Theorem 1.1] and [2, Corollary 10.6]. 

The splice (5.1) is equivalent to the replacement of N(S) in S^_i by S* 3 \ int N(Se,i)- 
We now choose S 3 \ int N(Se,i) sufficiently small and deform ae-i such that ag = cte-i 
on S* 3 \ int N(Se j i) = N(S), which is done by applying the Gray's theorem [5]. We set 
the contact form ag on S 3 to be this deformed cxg-\. Since the Reeb vector fields of ag-\ 
and a? are both positively transverse to the fiber surfaces of L(Tg) on S^_i \ int N(S) and 
S* 3 \ intN(Se : i) respectively, the Reeb vector field of ae also satisfies the same property. 
Hence kerc^ is compatible with L(Tg). 

By induction, we obtain a contact form ag> on S* 3 whose kernel is compatible with L(T) 
and contactomorphic to kerc^. Since kerc^ is tight, kerct^ is also. This completes the 
proof of the implication (2) =>- (1). 

Finally we prove the implication (1) =>• (3). We can assume that the splice diagram is 
minimal since the operations and their inverses to make equivalent splice diagrams do not 
change the multiplicities at the arrowhead vertices of T. If the minimal splice diagram is 
of type -H- then the assertion follows from [7, Theorem 1.1]. So, we further assume that 
the minimal splice diagram is not of type -H-. In particular, in this setting, the fibers 
of the Seifert fibration intersect the interiors of the fiber surfaces of L(T) transversely in 
each Seifert piece of (S 3 ,L(T)), so the diagram F is defined. 

Let V£ denote the inner vertex corresponding to Lf (m ( ) and vg the corresponding vertex 
in f . Since the graph multilink is invertible by [2, Theorem 8.1], we change the signs of 
all the multiplicities at the arrowhead vertices of L(T) if necessary such that the fibers of 
the Seifert fibration in Si intersect the interiors of the fiber surfaces of L^mJ positively 
transversely. By this assumption, we have v\ — ©. Let Yg denote the subgraph of Y 
consisting of the inner vertices Vi, - • ■ ,vg and the inner edges connecting them. 

Claim 5.2. Suppose that all vertices of tg are © and all edges have sign +. Suppose 
further that there exists an edge eofT connected to, but not included in, with sign — 
at the root connected to IV Then the compatible contact structure of L{T) is overtwisted. 

Proof. Let a be a contact form on S* 3 compatible with L(T) obtained in Proposition 4.2, 
and let ae be a contact form on S^ compatible with L(Yg) which was obtained in the 
proof of Proposition 4.2. We denote by m-iS-i, ■ ■ ■ ,m T S T the link components of L(Tg) 
corresponding to the inner edges of T connected to, but not included in, fY From the 
construction, we have a = «( on E< \ int U[ =1 N(Si). Note that, by Proposition 4.2, ae 
has the form ag = h 2 (r)dfj, + hi(r)d\ on each N(Si) such that the argument of —hi(r) + 
v^— ih 2 (r) varies in (0, 7r]. In particular, kerae does not have a half Lutz twist in N(Si). 

On the other hand, let a' be a contact form on S^, whose kernel is compatible with 
L(Tg), obtained according to Proposition 3.2. Remark that the edge e specified in the 
assertion is either an inner edge or an edge with arrowhead vertex. Since the root of e 
connected to Ye has sign — , (S^kera') has an overtwisted disk D in a tube of a half 
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Lutz twist along the link component of L(Tg) corresponding to e. By deforming a' and 
applying the Gray's theorem [5] , we can find a contact form a" on E^ such that ker a" is 
contactomorphic to ker a', the equality a" = oi£ is satisfied on Uj =1 N(Si), and dD does not 
intersect U T i=1 N(Si) in (E^, ker a"). Now we just follows the proof of [8, Proposition 9.2.7]. 
Prepare a 1-form i] such that dr\ is a volume form on the fiber surfaces and vanishes near 
U1 =1 N(Si), and then show that ker a" is contactomorphic to kera^ with preserving the 
contact form a" = ae on Uj =1 N(Si), by connecting the contact forms a" + si] and ag + si] 
with s > by a one parameter family of contact forms. Thus we conclude that the 
boundary dD of the overtwisted disk D in the contact manifold (E^,kera^) is included 
in E^ \ UJ =1 N(Si). This D is still an overtwisted disk in (S^kera:) since a = a e on 
S^int Ul =1 N(Si). □ 

Claim 5.3. Suppose that all vertices of Te are © and all edges have sign +. Suppose 
further that all edges ofT connected to Tg have sign + at the endpoints connected to fy 
Let e be an inner edge of T connected to, but not included in, IY Then the sign of the 
other endpoint of e is + and the inner vertex at the other endpoint is ©. 

Proof. The first assertion follows from [2, Corollary 10.6]. We prove the second assertion. 
Let 

(E,L(r)) = [(E,,L(r,))^^(E',L(r'))_ 

be the splice at the inner edge e. By the assumption and the first assertion, the multiplic- 
ities mi of Si and m 2 of S 2 are both non-negative. For i = 1,2, let N(Si) = D 2 x S 1 be 
the tubular neighborhood of Si for the splicing and set coordinates (rj,/Zj,Aj) on N(Si) 
such that are the polar coordinates of D 2 and the orientation of \ is consistent 

with the working orientation of Si. Let (Ui, Vi) be a vector positively normal to the fiber 
surface of L(r) on dN(Si). We assume, for a contradiction, that the inner vertex at the 
other endpoint is 0. 

Suppose that mi > and 1712 > 0. Since the vertex at the root of e connected to Ti 
is ©, we have Ui > 0, see Figure 12. On the other hand, since m 2 > and the vertex 
at the other endpoint is 0, we have U 2 < 0. We now observe the identification of the 
positive normal vectors (Ui,Vi) and (U 2 , V 2 ) after the gluing of the splice. If Vi > then 
(V 2 ,U 2 ) = K(Ui,Vi) with some constant K > 0. In particular, we have U 2 = KVi > 0, 
which contradicts U 2 < 0. If Vi < then (V 2 ,U 2 ) = —K(Ui,Vi) with some constant 
K > 0. Hence U 2 = —KVi > 0, which again contradicts U 2 < 0. 

If mi = then Ui — 0, Vi > and hence £/ 2 > 0, V 2 = and m 2 > 0. However m 2 > 
implies U 2 < as before, which is a contradiction. If m 2 = then U 2 = and V" 2 < and 
hence ?7i < and Vi = 0, which contradicts nil > 0. This completes the proof. □ 

We continue the proof of Theorem 5.1, i.e., prove the implication (1) =^> (3). By 
Claim 5.2, all edges connected to v\ have sign + at the roots connected to vi, otherwise 
ker a is overtwisted. Then, by Claim 5.3, the inner edge connecting vi and v 2 has sign + at 
the endpoint connected to v 2 and moreover we have v 2 = 0. We then use Claim 5.2 again 
for T 2 and conclude that all edges connected to T 2 have sign + at the roots connected to 
T 2 . We continue this argument successively for $3,1)4, ■ ■ ■ ,vy and finally obtain that all 
inner vertices of V are © and all edges have sign +. In particular, every non-empty link 
component of L(T) has a positive multiplicity. □ 
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{Ui,Vi) 



Figure 12. The positive normal vector to the fiber surface on ON (Si). 
Here (mi, h) is the preferred meridian-longitude pair on ON (Si) for the 
splicing. 



Proof of Corollary 1.2. The intersection Lf g = {fg = 0} fl S £ is an oriented link in 
the 3-sphere S £ and the orientation is given as the boundary of the fiber surface of the 
Milnor fibration ■A : S e \ {fg = 0} — > S 1 . By [2, Appendix to Chapter I], we know that 
L f g is realized by a splice diagram with only + signs, positive denominators and positive 
multiplicities. On the other hand, the oriented link Lfg = {fg = 0} fl S £ of the fibration 
: S e \ {fg = 0} — > S 1 is obtained from Lf g by reversing the orientations of the link 
components corresponding to {g = 0}, as mentioned in [9, Proposition 3.1]. Hence the 
assertion follows from Theorem 1.1. □ 
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